
Ergodic Theory and Measured Group Theory
Lecture 6

Classical pointwise ergodic theorem ( Birkhoff 1931) . let T be a puptransformation
on a St

. prob. sp . 14M .
If T is ergodic then for every

f- c. £14M ,

fig
,
titty=/ Fdr

,
a. e. ✗ EX

,

where A-If 1×1 = ¥, lflxltfltxl -1 . . . -1 f- IT"×))= average off over II. ✗ .

Proof of the ptwiu ergodic theorem ( Keane - Petersen , Ts .) .

(1) Bridge lemma . / fold =/ Aif die than
.
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To
prove that the limit exists aid is =/ told

,
we'll show tht

bing.pe/fdMnllimiufzSfd9 .
So it makes sense to look

at liusup I lininf
,

② limsup Auf , limiuf Auf are T- invariant.
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. We need to show that lineup

Auflx)=¥ .tk/-nh+-.An-iflTx) .



is constant on every orbit , fer which enough to f-✗ ✗ al
show tht lineup at ✗ = limsnp at Tx . 1 Dean

if y l t are in the same orbit then Tky = Tmz. )

Auflx)=¥ .tk/-nh+-.An-,flTx) ,
so as u → a limsap Auflx) =

= limsup Auf /Tx) .

Remark
.
This happened become intervals have a small boundary
relative to their site . This property is call Fiéluerness

.

WLOG
,
assume )fdt=O ( by considering f- Hdd instead) .

By ergodicily and 121
, lineup Anf al limitAf are constant a. e.

n n

suppose towards a contradiction tht bimnsap Aaf > 0 , so
f-
*
:-. win # lineupAuf , I} > 0 .
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The
vague hope is to cover each orbit by intervals sit

.

the average of f on those intervals is 7ft .
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A more reasonable goal is to show tht Anf > ft-9 the✗

for a fixed u .

Define ✗ → IN ✗ to the least n=hlx) at . An ,⇒f 1×17 ft
(such an n exists by the def . of liuscpl .

Assume ✗ tsnlx) is bounded .

(3) Bounded tiling lemma . If ✗ tank) is a bounded function ✗→ IN
,

then HE >Olton Fx c-✗ 11-4 fraction of In - ✗ is tiled

by intervals of the term Imy) -

y .
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a bound for ✗↳ next .

^

tiling the interval In -

✗ left - to - right , we would possibly
have untied the points in 4th-4 , T

"""

✗
,
" / Thx } .

Thus
,
oil
, c-E. fraction remains untied so take a large enough

to make Hu < { .



Assure f is bounded
,
i.e. fEL9x,r) . In particular, fz-M, M>0 .

By the bonded tiliy lemma
,
th I will be chosen later)

,
V-T.lk

He interval Iix is tiled
, up to { fraction

, by
intervals over chick the average of f is7ft. Hence :

Auf 1×77 (1-1) - f-
*
+ l - l-M) 7ft fer a small euag E

.

D
,
the bridge lemma,

D= HIM =/ Auf du zf§ -1 > 0 , a contradiction .
thus

, linsyp Auf £0 . Similarly , biuiuf Auf 70 , so t.in Ant --0.

We don't assure ✗→ ulx) is bounded
.

Notation . HI ÷ for all but finitely-mangu :=FNV-nzN .

79 := for infinitely- man, n - = V-Ntn 7N
.

V-
'

✗ := for all ✗ except for ✗ in a set of measure c- {
.

:= the B
,
here ✗113 has measure E E .
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{
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'= 7 24-measured ht of ✗ := FB of measure

74 set
.
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(3) Tiling lemma .

For
any

measurable ✗↳ nlx) : ✗→ IN
,

HE > O Vin

b-
'

✗ the set In -

✗ is tiled
, up

to an c- E- fraction
,

by intervals of the form Impey .

Proof . V-✗ 3- L nlx) El
,
hence 71 nlx)El

.
( this is heure

✗ = µ Ix : Mx) c-if) Thus
,
there is LEIN sit

.
the set

B := { ✗ EX : next >4

has measure ± % . For
ay ✗ EX
, if ¥ ¥' i • , i * •

=
Claim

.
In the ✗ An 1,1×1 < E.

Proof . By the bridge lemma ,
¥7M / B) =ftp.df/AnIpdM7/Au1Bd97AnIB7h-zZE.M/Au1zYz) .
Here

,
Man 1,7%1<-1 .

Fix an ✗
sit

. An 1,31×1 < { . tile it left - to - right
but shipping the B points if they have to be the base

Inixix Inqjy
of a tile

.
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We

✗tile all except B points b al the last L
, hence

left out
£ § -1 § fraction

.

Aeoose u so tht En < §.


